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The analytical theory of turbulence suppression by shear flow [Y. Z. Zhang and S. M. Mahajan,

Phys. Fluids B 4, 1385 (1992)] is extended to analyze the combined actions of flows that have

time-varying as well as static components. It is found that each component, appearing alone, may

yield the same suppression level. However, when both components co-exist, either tends to dimin-

ish the suppression caused by the other in certain parameter ranges—a conclusion that agrees with

recently published simulation results by Maeyama et al. [Phys. Plasmas 17, 062305 (2010)]. In par-

ticular, the mutual exclusiveness is maximized as the strengths of the two components become

comparable. The adopted averaging method of the asymptotic theory reveals that it is the coupling

between the time-varying shear flow and the induced time-varying relative orbit motion that causes

the asymmetry of the two components in turbulence suppression. The numerical results based on a

Floquet analysis are also presented for comparison. The implications of the theory to L-H transition

on tokamaks are discussed, especially, regarding experimental observations of the disappearance of

the geodesic acoustic mode in H phases. VC 2012 American Institute of Physics.

[doi:10.1063/1.3676597]

Zonal flows have been investigated in great detail by the

magnetic fusion community because of their possible role in

the suppression of drift wave turbulence believed to induce

anomalous transport in tokamaks.1 Two different types of

zonal flows, each possessing the shear flow structure

required for turbulence suppression, are observed: (1) the

zero mean frequency zonal flow (ZMF), typically in the fre-

quency range of 0–10 kHz and (2) the geodesic acoustic

mode (GAM) typically in the frequency range >10 kHz. The

theories of turbulence suppression in early days were worked

out for static shear flows only.2–4 After the discovery of the

zonal flow, the theories were extended to time-varying flows

limited, however, to a single frequency and without a

co-existing static component.5

Finding an answer to the interesting question of how tur-

bulent transport will be affected if the two types of shear

flows were to appear simultaneously is the main thrust of

this paper. In the static category, we include not only purely

static shear flows but also approximate ZMFs if their time

scales are well separated from the GAMs. One could imag-

ine, for instance, that the combined effect would always be

enhanced suppression. The answer, however, turns out to be

not so simple. In the published literature (numerical simula-

tion6 and analytical theory7), it is found that as regards the

turbulence suppression, the two different types of shear flows

are often in conflict over a wide parameter range. In particu-

lar, the combined suppression is minimized if the strengths

of the two shear flows are comparable. The present brief

article draws heavily from Ref. 7; detailed numerical solu-

tions, based on a Floquet analysis of two-point orbit correla-

tion theory, are presented, and the relevance of the

theoretical results to experimental observations in L-H tran-

sition is discussed.

The two-point orbit correlation theory used for static

shear flow in Refs. 2–4 can also be applied to time varying

shear flow as long as the time variation is much slower than

the drift wave frequency. All the definitions in the basic

equation set (Eq. (2) of Ref. 4),
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are the same as in the corresponding ones in Ref. 4 with the

only exception that

r � rþ er! rþ erj j cos xt; x << xDriftWave (2)

has an oscillatory part.

In the preceding equations, X2
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are the orbit correlations for the relative dis-

tance of the two fluid elements in the radial and poloidal

direction; Y� sð Þ � Y� sð Þ=a, a describes the shear (dvE=dr)

induced anisotropic deformation of the turbulence spectrum

in y-direction; r � dvE=drð Þ=4aD k2
?
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; s � tD k2
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where t is the laboratory time, D is the turbulence diffusion
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coefficient, dvE=dr is the shearing rate, and k2
?

� �
is the ensem-

ble averaged of the square of the perpendicular wave number.

Splitting the orbit correlation into its static and oscilla-

tory parts,
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and time averaging over Eq. (1) yields
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In order to derive these equations, we have adopted the well-

known Bogoliubov-Mitropolsky asymptotic averaging

method8 (with higher harmonics neglected).

In this way, we retain only the linear response of the os-

cillatory orbit correlation to er, which, in turn, can be solved

to calculate the quadratic coupling to er. It is this coupling

that makes the contribution from the oscillatory component

not in unison with that from the static one. After straightfor-

ward algebra (solve the oscillatory orbit correlation as

expressed in terms of er and substitute them back to the aver-

aged equations), one obtains the following set of equations

(the subscript s of orbit correlation has been omitted):
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The characteristic equation of Eq. (6) can be cast into the fol-

lowing form:
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0
. Nontrivial solutions

for the orbit correlations follow if Eq. (7) admits positive P
solutions. The subscript 0 is adopted for indicating quantities

that will pertain in the absence of a shear flow. Following the

time scale renormalization (introduced earlier and explained

below in detail), we have made the replacements,

r! WP
c
=2; erj j ! eWP
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=2; x! xPc; (8)
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, dvE=drj j is the static shear flow, and devE=drj j is

the amplitude of the oscillatory shear flow.

The notation used in Eq. (8) reflects our time scale

renormalization. Recall that the standard normalization of

the time scale in terms of turbulence de-correlation time (for

example, simply taking tc to be �1=D k2
?

� �
) will be inappro-

priate for representing a “measure” of shear flow suppres-

sion. To properly account for the effective de-correlation

time pertaining to a system with shear flow, we have chosen

the representative diffusion coefficient

D ¼ D� w2
� �c

; (9)

where D� stands for the part of diffusion independent of tur-

bulence level w2
� �

. The appropriate time scale for effects of

shear flow on turbulence should be defined by the de-

correlation time with zero shear flow, tc0 � 1=2D0 k2
?

� �
0
,

where D0 ¼ D� w2
� �c

0
. It is widely accepted that c¼ 1 is

characteristic of weak turbulence regime, c¼ 0.5 is charac-

teristic of strong turbulence regime, and the plausible physi-

cal regime for c lies between 0.5–1.

Studies of a few limiting cases of Eq. (7) yield the fol-

lowing quick results:

(1) When we have only pure oscillatory shear flow (W ¼ 0),

turbulence is found to be suppressed (P�1 < 1 implies

suppression),

P ¼ 1

4
1þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D1

3

r !
�!
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8
: (10)

(2) In large x (�1) limit, the “suppression” due to time-

varying shear flow alone is given by

P ¼ 1

4
1þ 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 32 eW2

3x2

s0@ 1A; (11)

indicating that the higher the oscillatory frequency, the

weaker the effect towards suppression. In the limit x
going to infinity, P goes to unity (no suppression). This

result is qualitatively consistent with previous studies.5,6

(3) In the large static shear limit (W � 1), we find

P�1 ¼
ffiffiffiffiffiffiffiffi
3=2

p
1� D3ð ÞW

	 
�2= 3�2cð Þ
; (12)

showing that the time-varying flow (contained in D3)

tends to diminish the static shear flow suppression.

The analytical characteristic equation, Eq. (7), can also

be solved numerically; the real positive solution being the

only ones of physical interest. For zero time-varying
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component ( eW ¼ 0, and thereof D1;D2;D3 ¼ 0), the present

results reduce to those of Ref. 4.

For co-existing static and time-varying components, the

numerical results clearly display, what may be termed, mu-

tual exclusiveness in turbulence suppression caused by the

static and time varying components of the shear flow. In the

3D Fig. 1 (vertical coordinate¼ turbulence suppression level

(P�1), and the two horizontal coordinates are for static (W)

and time-varying ( eW) shear flow, respectively), one can see

a ridge appearing along the diagonal line, indicating weaker

suppression as the two flows become comparable. This fea-

ture as well as other suppression characteristics are qualita-

tively similar to the numerical results based on a Floquet

analysis. No comparison will be given here. It may be

remarked, though, that the above analytical theory gives ac-

ceptable results if the frequency is not too low (say, x not

lower than 3). The analytical results become quite accurate

as x exceeds 6.

For lower frequency range, one must employ numerical

methods to solve the basic equation set depicted in Eq. (1); it

can be put into the standard form,

_q tð Þ ¼ A tð Þq tð Þ; (13)

where
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1=4 3=4 0

3=4 1=4 4r
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with r ¼ rþ erj j cos xt. The three components of vector q tð Þ
stand for the orbit correlation X2
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, Y
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In the Floquet theory of differential equation with peri-

odic coefficients, the general solution is expressible in terms

of a periodic function multiplied with an exponential factor,

wherein the constant coefficient is usually referred to be

the Floquet index. It is the real positive Floquet index

(corresponding to the real positive root of characteristic

equation with constant coefficient) that describes the inter-

esting time scale in which the turbulent fluid elements fall

apart. Numerically, one needs to solve the eigen-values

(q1; q2; q3) of the monodromy operator Q Tð Þ (the matrix

composed of three independent solutions of vector q tð Þ) with

T � 2p=x.9 The following identity

q1q2q3 ¼ exp

ðT

0

dsTrA sð Þ
� �

! 1 (15)

is used as a validity check of numerical program. It is a con-

sequence of the fact that the matrix A tð Þ is traceless.

Each eigen-value (the exponential factor of the general

solution) corresponds to one Floquet index. Let us choose q1

corresponding to real positive Floquet index P (the other two

roots q2 and q3 correspond to the Floquet indices of complex

conjugate with negative real part). Because of time scale

renormalization (see Eq. (8)), the coefficient of equation is

really the function of the solution (through the Floquet index

corresponding to q1). This nonlinear problem is solved using

a shooting code.

The phenomena of mutual exclusiveness of turbulence

suppression between the static and time-varying shear flow

can be well exhibited in the 3D Fig. 1 (W, eW, and

P�1 � w2
� �

= w2
� �

0
k2
?

� �
= k2

?
� �

0
) alluded to earlier. We plot

the numerical solutions of Eq. (14) and Eq. (8) (based on

Floquet theory) for a given parameter set: c¼ 1, x¼ 0.25.

The ridge along the diagonal line from ( eW,W)¼ (0,0) to

( eW,W)¼ (3,3) characterizes the mutual exclusiveness

between the two; the exclusiveness is maximized around the

diagonal line as the strengths of the two components ( eW,W)

get closer.

In Fig. 2, the turbulence suppression is displayed for

various W¼ 1.5, 3, 6 versus eW=W for c¼ 1, x¼ 0.25 in a

manner similar to Fig. 4 of the simulations presented in

FIG. 1. (Color online) The turbulence suppression P�1 � w2
� �

=

w2
� �

0
k2
?

� �
= k2

?
� �

0
versus static shear flow W and oscillatory shear flow eW for

the parameter set c¼ 1, x¼ 0.25. The computation is based on the Floquet

theory.

FIG. 2. (Color online) The turbulence suppression P�1 � w2
� �

=
w2
� �

0
k2
?

� �
= k2

?
� �

0
versus the ratio of oscillatory to static shear flow eW=W

for c¼ 1, x¼ 0.25 and various W ¼ 1.5, 3, and 6. The computation is based

on the Floquet theory.
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Ref. 6. The location of peaks is very close to and in good

agreement with the results of Ref. 6, provided the maximal

transport is identified with minimal turbulence suppression.

On the other hand, for lower W, for example W< 1, no peak

appears. There might exist corresponding counterparts in the

simulation; however, results in this range are not displayed

in Ref. 6.

It is also interesting to see, as illustrated in Fig. 3, the

low frequency condensation of the peak position in eW=W to

1 when the frequency of oscillatory shear flow approaches

zero for various parameters. In other words, the minimal tur-

bulence suppression does not, always, occur when the two

components are equal; minimum suppression value is param-

eter dependent unless the frequency of oscillatory shear flow

is sufficiently low.

We conclude this brief article with a few remarks on ex-

perimental observations regarding L-H transition on toka-

maks. In recent years, it is reported that the GAMs may be

playing a deactivating role in the L-H transition occurring in

ASDEX-U, DIII-D, and EAST.10–12 The GAM excited in L

phase seems to get totally quenched in the H-phase. For

example, on EAST, GAM observed in L mode at a frequency

12–15 kHz disappeared completely after transition to H

mode. At the same time, the power in low frequency part of

the spectrum was enhanced in H mode, while the power con-

tent in the frequency range 20 kHz–200 kHz was suppressed

down by one order of magnitude.12 It is thus an interesting

question to ask if GAM and H mode are mutually exclusive?

Initially, such a question may sound peculiar, since GAM, as

a type of shear flow, was supposed to suppress turbulence.

Why do the GAMs, then, seem to reverse their role? It is

their elimination, rather than presence, which might stimu-

late transition to the H-mode. The following simple picture

seems to emerge from our analysis—If GAMs were present

by themselves alone, then indeed they would suppress turbu-

lence and hasten L-H transition—But in most cases of inter-

est, they appear along with the “time independent” shear

flows. In such cases, the GAMs work against the “well rec-

ognized” turbulence suppressing ability of the “static” one

and, in fact, must be marginalized to allow the “static” shear

flow to work their magic to cause an L-H transition. Natu-

rally, in a “static” shear flow created H-phase, there is no

room for any sizable GAMs to persist.
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FIG. 3. (Color online) The dependence of peak position eW=W in Fig. 2 on

oscillatory frequency x for various c¼ 0, 0.25, 0.5, 0.75, 1.0, and W ¼ 3.

The computation is based on the Floquet theory.
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